Abstract-The open problem of the existence of double coprime factorizations (DCFs) for multi-input/multi-output (MIMO) multidimensional (nD) linear systems is considered in this paper. It is shown that DCFs exist for a class of MIMO nD linear systems. A simple and efficient method is proposed for the construction of DCFs. The main result of the paper is to show how to construct a coprime (over the ring of stable rational functions) matrix fraction description of a given MIMO nD system with a stable reduced minor. A parameterization of all stabilizing compensators is given for a MIMO nD system in this class. An example is illustrated.
I. INTRODUCTION
The problem of (output) feedback stabilization of multi-input/multioutput (MIMO) linear systems has drawn much attention in the past years because of its importance in control and systems (see [1] - [10] and the references therein). Consider a standard feedback system with P representing a plant and C a compensator. Let 01 (I + C P ) 01 : (1) P is said to be feedback stabilizable if and only if there exists a compensator C such that the feedback system Heu is stable, i.e., each entry of Heu has no poles in the unstable region [2] . For linear discrete multidimensional (nD) systems, the feedback system is structurally stable 1 if and only if each entry of Heu has no poles in the closed unit polydisc U n = f(z 1 ; . . . ; z n ): jz 1 j 1; . . . ; jz n j 1g [11] , [12] .
The problem of feedback stabilization of MIMO two-dimensional (2-D) systems using the matrix fraction description (MFD) approach has been investigated by a number of researchers (see, e.g., [3] - [6] and the references therein). Constructive algorithms for the feedback stabilizability and stabilization problem have been presented for MIMO 2-D systems [3] - [6] . Furthermore, the parameterization of all stabilizing compensators for a given stabilizable 2-D system has been given in [3] , which is a generalization of the celebrated result on the parameterization of all stabilizing compensators for a given one-dimensional (1-D) system [1] , [2] .
Due to some fundamental differences between 2-D and nD (n 3) 2 polynomial matrices [13] - [16] , results on stabilization of MIMO 2-D systems cannot be directly generalized to their nD counterparts. Although a necessary and sufficient condition for the feedback stabilizability of MIMO nD systems has recently been derived using the concept of reduced minors [7] , [8] , it is still unknown whether or not there exists a double coprime factorization (DCF) for a general stabilizable MIMO nD linear system. In fact, this problem is a special case of a more general problem on the existence of DCFs for linear systems over rings posed by Vidyasagar et al. in 1982 [2] . For MIMO nD linear systems, Manuscript received December 1, 1999; revised April 14, 2000. Recommended by Associate Editor, C. Wen.
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0018-9286/00$10.00 © 2000 IEEE Lin conjectured in [8] that a stabilizable system also has a DCF. Very recently, a new result is presented in [10] on the existence of DCFs for a class of MIMO three-dimensional (3-D) systems, which leads to the parameterization of all stabilizing compensators. See [10] for a more detailed discussion on feedback stabilization of MIMO nD systems.
However, the method proposed in [10] has several limitations. Firstly, the method is valid for 3-D systems only. Secondly, the method may not work if the content associated with a left or a right MFDs of a given MIMO 3-D system has a multiple zero. Thirdly, the resultant DCFs may have complex coefficients even when the original system transfer matrix has only real coefficients. Fourthly, it may be computationally rather involved in solving a Bézout identity.
In this paper, we show that for a class of MIMO nD linear systems, it is always possible to construct DCFs, thus it is one further step toward proving the conjecture raised in [8] and solving the open problem posed in [2] . The proposed new method does not have any limitations mentioned above for the class of nD systems under discussion. The main result in the paper is to show how to construct a coprime (over the ring of stable rational functions) MFD of a given MIMO nD system with a stable reduced minor.
The organization of the paper is as follows. In the next section, after reviewing some necessary notation and definition, the main results will be presented. An illustrative example will then be given in Section III. Section IV ends this paper with a conclusion. To save space, we refer the reader to the cited references for some definitions and properties which require rather lengthy descriptions, such as reduced minors and causality.
II. MAIN RESULTS
In the following, we shall denote R the field of real numbers; R(z) = R(z 1 ; . . . ; z n ) the set of rational functions in complex variables z1; . . . ; zn with coefficients in R; R[z] the set of nD polynomials over R; R s (z) the subset of rational functions in R(z) Throughout this paper, an nD polynomial is called a stable polynomial if it has no zeros in U n , otherwise it is called an unstable polynomial. The argument (z) is omitted whenever its omission does not cause confusion.
Since DCF is the main concern of this paper, the definition of DCF is recalled.
Definition 1 [2] , [10] : Let P 2 R m2l (z) represent an MIMO nD system. Then P is said to have a DCF if: , and the sign depends on the index i. The assumption that P is feedback stabilizable implies that b 1 ; . . . ; b have no common zeros in U n [7] , [8] . If d 0 6 = 0 in U n , then a1; . . . ; a have no common zeros in U n . It follows that F is of full rank in U n and hence ND 01 is a desirable coprime right MFD of P . Similarly, ifd 0 6 = 0 in U n ,D 01Ñ is a coprime left MFD of P . Therefore, P has coprime MFDs when d0 6 = 0 andd0 6 = 0 in U n .
Assume now that d 0 (z 0 ) = 0 for some (z 0 ) in U n . Then F (z 0 ) is not of full rank and consequently, ND 01 is not a coprime right MFD of P . We show in the following how to obtain a coprime right MFD of P when there exists some b J (1 J ) such that b J 6 = 0 in U n .
Since P =D 01Ñ = ND 01 , we have 
Combining (4) and (5) gives
whereF J =F U 01
. It can be shown [14] , [17] that detD J = 6d0bJ. Since FJ is obtained by performing row permutations on F , it is clear [8] that the greatest common divisor (g.c. 
By the well-known Cramer's rule [18] , every entry of fNJ adj(DJ )g is just some l 2 l minor of F J and is hence divisible by d 0 . Therefore, 
where
Fs is also of full rank in U n [8] . 
Thus, Ns D 01 s is a coprime right MFD of P . It can be similarly argued that P also admits a coprime left MFD P =D 01
sÑs . It is seen from the above proof procedure that for the class of nD systems satisfying the condition stated in Theorem 1, DCFs can be constructed efficiently. In fact, it is not necessary to obtain the matrix U 0 . We summarize in the following an algorithm for constructing a coprime right MFD of P . The algorithm can also be applied for obtaining a coprime left MFD of P after minor modification.
Algorithm 1: Let P (z) be given in Theorem 1. A coprime right MFD of P can be constructed in three steps.
Step 1: Decompose P into a left and a right MFDs, P =D 01Ñ = Step 2: Introduce a new rational matrix 
Remark 1:
The above algorithm is equivalent to constructing an Fs 2 R (m+l)2l [z] such that Fs is of full rank in U n andF Fs = 0 m;l . Theorem 1 is now generalized to a larger class of stabilizable MIMO nD systems that have coprime right and left MFDs. Moreover, a very simple and computationally efficient method is also proposed for solving the Bézout identity (2). sÑs . It remains to solve the Bézout identity (2) . As demonstrated in [3] and [10] , the most critical part for solving the Bézout identity (2) Since P is causal by assumption, using a technique similar to the one in [5] , we can find X s (z) andX s (z) such that det X s (0; . . . ; 0) = det X s (0) 6 = 0, and detX s (0) 6 = 0. This immediately implies that Xs (z) andXs(z) are nonsingular. The details can be worked out similarly as in [5] , [8] , and [10] , and are omitted here to save space. Remark 2: For the 2-D case, several constructive methods have been proposed for solving the 2-D version of (21) and (22) [3]- [6] . However, for the nD case, the only available method for solving (21) and (22) is from [19] , which is computationally rather involved. In fact, the authors of [19] did not tell how to construct a stable nD polynomial that vanishes at the variety of the ideal generated by the maximal order minors of T or [0Ñ sDs ]. As mentioned in [9] , the construction of such a stable nD polynomial is crucial for solving (21) and (22). One of the contributions of this paper is the development of a very simple and computationally efficient method for solving (21) and (22) for the class of nD systems satisfying the condition stated in Theorem 2.
Before ending this section, following [1] - [3] , [10] , we can give a parameterization of all stabilizing compensators for a stabilizable nD Since s is stable, Algorithm 1 can be applied to F 0 .
Step 1: Consider the 2 22 matrix D J formed from rows 1 and 4 of 
Step 2: Introduce a new rational matrix P J and obtain a coprime right MFD of PJ as follows: 
Similarly, we can construct 
The derivation is just routine calculation and is omitted here to save In this paper, we have solved the open problem of the existence of DCFs for a class of MIMO nD linear systems. A simple and efficient method has been proposed for the construction of DCFs when they exist. The main result of the paper is to show how to construct a coprime (over the ring of stable rational functions) matrix fraction description of a given MIMO nD system with a stable reduced minor. A parameterization of all stabilizing compensators has also been given for an MIMO nD system in this class.
For the class of MIMO nD systems under discussion, the proposed method has several advantages compared with the recent result of [10] . Firstly, the new method is valid not only for 3-D systems, but also for nD (n > 3) systems. Secondly, it works even when an unstable g.c.d. associated with an MFD of a given MIMO nD system has multiple zeros. Thirdly, the resultant DCFs always have real coefficients when the original system transfer matrix has only real coefficients. Fourthly, the proposed method is very simple and computationally efficient in solving the Bézout identity (2) . An illustrative example has been worked out in details to support the new results presented in the paper.
However, the new results presented in this paper are applicable only to the class of MIMO nD linear systems whose reduced minors satisfying the condition stated in Theorem 2. Thus, the problem of the existence of a DCF for a general stabilizable MIMO nD linear system is still open. Further investigation is required.
